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INTEGRAL ALMOST SQUARE-FREE MODULAR
CATEGORIES
JINGCHENG DONG, LIBIN LI, AND LI DAI
Abstract. We study integral almost square-free modular categories;
i.e., integral modular categories of Frobenius-Perron dimension pnm,
where p is a prime number, m is a square-free natural number and
gcd(p,m) = 1. We prove that if n ≤ 5 or m is prime with m < p
then they are group-theoretical. This generalizes several results in the
literature and gives a partial answer to the question posed by the first
author and H. Tucker. As an application, we prove that an integral
modular category whose Frobenius-Perron dimensions is odd and less
than 1125 is group-theoretical.
1. Introduction
Modular categories arise from many areas of mathematics and physics,
including representation theory of quantum groups [1], vertex operator al-
gebras [15], von Neumann algebras [13], topological quantum field theory
[25] and conformal field theory [17]. The importance of modular categories
also comes from their applications in condensed matter physics and quan-
tum computing [26].
A fusion category is called almost square-free (ASF) if its Frobenius-
Perron (FP) dimension has the form pnm, where p is a prime number, m
is a square-free natural number and gcd(p,m) = 1. Several examples of this
class of fusion categories have been extensively studied in the literature, see
[2, 6, 7, 11, 21].
One important class of fusion categories is that of group-theoretical fu-
sion categories. As described by Etingof, Nikshych and Ostrik [11], a group-
theoretical fusion category can be explicitly constructed from finite group
data (see Section 2.5). Therefore this class of fusion categories can be
viewed as the simplest fusion categories except the pointed ones. This is
similar in spirit to the work of classifying finite-dimensional Hopf algebras:
if a finite-dimensional Hopf algebra can be obtained from group algebras
or dual group algebras then it must be well-understood. The main task
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of this paper is to determine when an integral ASF modular category is
group-theoretical.
The paper is organized as follows. In Section 2, we recall some basic
definitions and results which will be used throughout.
In Section 3, we study the existence of non-trivial Tannakian subcate-
gories and their FP dimensions in an integral ASF modular category. As
one of the consequences, we get that any integral ASF modular categories
with FP dimension pnm is group-theoretical if n ≤ 5. This generalizes the
work in a series of papers [2, 6, 21].
In Section 4, we study the core of an integral ASF modular category. This
is a new notion introduced in [9]. We prove that the core of an integral ASF
modular category is a pointed modular category. As a consequence, we get
the structure of an integral ASF modular category: it is an equivariantiza-
tion of a nilpotent fusion category of nilpotency class 2. As an application,
we get that an integral modular category with FP dimension pnq, where
q < p are prime numbers, is group-theoretical. This gives a partial answer
to the question posed in [6].
In Section 5, we apply the results obtained so far to a low-dimensional
integral modular category C. We find that if the FP dimension FPdim(C)
is odd and less than 1125 then C is ASF except the case when FPdim(C) =
675. We prove that if FPdim(C) = 675 then C is a pointed modular
category. This allows us to conclude that integral modular categories
whose Frobenius-Perron dimensions are odd and less than 1125 are group-
theoretical.
2. Preliminaries
We shall work over an algebraically closed field k of characteristic zero.
A fusion category is an abelian k-linear semisimple rigid monoidal cate-
gory with a simple unit object 1, finite-dimensional morphisms space, and
finitely many isomorphism classes of simple objects. We refer the reader
to [9, 11] for the main notions about fusion categories. For the reader’s
convenience, we collect some definitions and basic results in this section.
2.1. Frobenius-Perron dimension. Let C be a fusion category, and let
Irr(C) denote the set of isomorphism classes of simple objects of C. The FP
dimension of a simple object X ∈ C is the FP eigenvalue of the matrix of
left multiplication by the class of X in Irr(C). The FP dimension of C is
the number
FPdim(C) =
∑
X∈Irr(C)
FPdim(X)2.
A fusion category C is called integral if FPdim(X) is an integer for all
simple object X ∈ C, and it is called weakly integral if FPdim(C) is an
integer.
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Let Irrα(C) be the set of isomorphism classes of simple objects of FP
dimension α. Then the set Irr1(C) is the set of all invertible simple objects,
and it generates the unique largest pointed fusion subcategory Cpt of C.
Recall that a fusion category is called pointed if every simple object has
Frobenius-Perron dimension 1. The set Irr1(C) also forms a group with
multiplication given by tensor product. We denote this group by G(C).
This group admits an action on the set Irr(C) by left tensor product. For
X ∈ Irr(C), we use G[X] to denote the stabilizer of X under this action.
Lemma 2.1. Let C be a fusion category. Suppose that the order of G(C)
is a power of a prime number p and gcd(| Irrα(C)|, p) = 1 for some α > 1.
Then there exists X ∈ Irrα(C) such that G[X] = G(C).
Proof. Obviously, the action of G(C) on the set Irr(C) preserves FP dimen-
sion. Hence, this action can be restricted to the set Irrα(C). The set Irrα(C)
is therefore a union of disjoint orbits under this restricted action, and every
orbit has length pi for some i > 0. Since gcd(| Irrα(C)|, p) = 1 there exists
at least one orbit having length 1, which implies the lemma. 
2.2. Group extensions. Let G be a finite group and let e ∈ G be the
identity element. A fusion category C is said to have a G-grading if C has a
direct sum of full abelian subcategories C = ⊕g∈GCg such that (Cg)
∗ = Cg−1
and Cg ⊗ Ch ⊆ Cgh for all g, h ∈ G. The grading C = ⊕g∈GCg is called
faithful if Cg 6= 0 for all g ∈ G. A fusion category C is said a G-extension
of D if C admits a faithful grading C = ⊕g∈GCg such that Ce ∼= D.
By [11, Proposition 8.20], if C is a G-extension of D then, for all g, h ∈ G,
we have
FPdim(Cg) = FPdim(Ch) and FPdim(C) = |G|FPdim(D).(2.1)
It is known that every fusion category C has a canonical faithful grading
C = ⊕g∈U(C)Cg with trivial component Ce = Cad, where U(C) is the universal
grading group of C, and Cad is the adjoint subcategory of C generated by
simple objects in X ⊗ X∗ for all X ∈ Irr(C). This grading is called the
universal grading of C.
2.3. Equivariantizations and de-equivariantizations. Let C be a fu-
sion category with an action of a finite group G. We then can define a
new fusion category CG of G-equivariant objects in C. An object of this
category is a pair (X, (ug)g∈G), where X is an object of C, ug : g(X) → X
is an isomorphism for all g ∈ G, such that
ugh ◦ αg,h = ug ◦ g(uh),
where αg,h : g(h(X)) → gh(X) is the natural isomorphism associated to the
action. Morphisms and tensor product of equivariant objects are defined
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in an obvious way. This new category is called the G-equivariantization of
C.
In the other direction, let C be a fusion category and let E = Rep(G) ⊆
Z(C) be a Tannakian subcategory that embeds into C via the forgetful
functor Z(C) → C. Here Z(C) denotes the Drinfeld center of C. Let A =
Fun(G) be the algebra of functions on G. It is a commutative algebra in
Z(C). Let CG denote the category of left A-modules in C. It is a fusion
category and called the de-equivariantization of C by E . See [9] for details
on equivariantizations and de-equivariantizations.
Equivariantizations and de-equivariantizations are inverse to each other:
(CG)
G ∼= C ∼= (CG)G,
and their FP dimensions have the following relations:
FPdim(C) = |G|FPdim(CG) and FPdim(C
G) = |G|FPdim(C).(2.2)
2.4. Solvable fusion categories. A fusion category C is nilpotent if there
exists a sequence of fusion categories Vec = C0 ⊆ C1 ⊆ · · · ⊆ Cn = C, and a
sequence of finite groups G1, · · · , Gn such that Ci is a Gi-extension of Ci−1
for all i. If the groups G1, · · · , Gn are cyclic groups of prime order then C
is called cyclically nilpotent.
A fusion category C is called solvable if it is Morita equivalent to a cycli-
cally nilpotent fusion category. Here the notion of Morita equivalence is a
categorical analogue of the notion of Morita equivalence for rings. Precisely,
two fusion categories C and D are Morita equivalent if D is equivalent to
the dual C∗
M
with respect to an indecomposable module categoryM, where
C∗
M
is the category of C-module endofunctors of M.
Solvable fusion categories have good properties: If C is a solvable fusion
category then C can be obtained by recursive extensions or equivariantiza-
tions from the trivial fusion category Vec, where all finite groups involved
are cyclic groups of prime order. It is shown in [12, Proposition 4.5] that
the class of solvable fusion categories is closed under taking extensions and
equivariantizations by solvable groups.
2.5. Group-theoretical fusion categories. A fusion category C is called
group-theoretical if it is Morita equivalent to a pointed fusion category. A
group-theoretical fusion category can be precisely reconstructed from finite
group data as follows:
Let H be a subgroup of a finite group G, ω ∈ Z3(G,C×) a normalized
3-cocycle, and ψ ∈ C2(H,C×) a normalized 2-cochain such that dψ = ω|H .
Let VecωG be the category of G-graded vector spaces with associativity given
by 3-cocycle ω. The twisted group algebra Cψ[H] is an associative algebra
in VecωG. Therefore we may consider the category
C(G,ω,H,ψ) := {Cψ[H]− bimodules inVec
ω
G}
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with tensor product⊗Cψ [H] and unit object Cψ[H]. It is a group-theoretical
fusion category. In fact every group-theoretical fusion category can be
obtained in this way [11, Section 8.8]. Note that a group-theoretical fusion
category must be integral [11, Corollary 8.43].
2.6. Braided fusion categories. A fusion category C is called braided
if it admits a braiding c, where the braiding c is a family of natural iso-
morphisms: cX,Y :X ⊗ Y → Y ⊗ X satisfying the hexagon axioms for all
X,Y ∈ C [16].
A braided fusion category C is called symmetric if cY,XcX,Y = idX⊗Y for
all objects X,Y ∈ C. A symmetric fusion category C is said to be Tannakian
if it is equivalent to Rep(G) for some finite group G as symmetric categories.
Let G be a finite group and let u ∈ G be a central element of order
2. Then the category Rep(G) has a braiding cuX,Y as follows: for all x ∈
X, y ∈ Y ,
cuX,Y (x⊗ y) = (−1)
mny ⊗ x if ux = (−1)mx, uy = (−1)ny.
Let Rep(G,u) be the fusion category Rep(G) equipped with the new
braiding cuX,Y . Deligne proved that any symmetric fusion category is equiva-
lent to some Rep(G,u) [3]. The following lemma is taken from [9, Corollary
2.50].
Lemma 2.2. Let C be the symmetric fusion category Rep(G,u). Then one
of the following holds:
(1) C is a Tannakian category;
(2) Rep(G/〈u〉) is a Tannakian subcategory of C with dimension 12 FPdim(C).
In particular, if FPdim(C) is odd then C is Tannakian.
Note that the lemma above shows that if FPdim(C) is bigger than 2,
then C always has a non-trivial Tannakian subcategory Rep(G/〈u〉).
Let D ⊂ C be a fusion subcategory. Then the Mu¨ger centralizer D′ of D
in C is the fusion subcategory
D′ = {Y ∈ C|cY,XcX,Y = idX⊗Y for allX ∈ D}.
The Mu¨ger center Z2(C) of C is the Mu¨ger centralizer C
′ of C. The fusion
category C is called non-degenerate if its Mu¨ger center Z2(C) is trivial.
A braided fusion category is called premodular if it admits a spherical
structure. A modular category is a non-degenerate premodular category.
Combining Proposition 8.23 with Proposition 8.24 of [11], we know that
a weakly integral braided fusion category is modular if and only if it is
non-degenerate. Thus, an ASF fusion category is modular if and only if it
is non-degenerate.
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Suppose that C is a modular category and D ⊆ C is a fusion subcategory.
The following equalities will be frequently used in this paper:
(Cpt)
′ = Cad;(2.3)
FPdim(D) FPdim(D′) = FPdim(C).(2.4)
The first equality comes from [14, Corollary 6.8], and the second one comes
from [19, Theorem 3.2].
Let E = Rep(G) be a Tannakian category, and let C be a braided fusion
category containing Rep(G). Recall from [9, Section 4.4.3] that the de-
equivariantization CG of C by E is a braided G-crossed fusion category. Let
CG = ⊕g∈G(CG)g be the corresponding grading. The trivial component
(CG)e of this grading is a braided fusion category. By [9, Proposition 4.56],
the braided fusion category C is non-degenerate if and only if the trivial
component (CG)e is non-degenerate and the corresponding grading of CG is
faithful. This description implies the following lemma.
Lemma 2.3. If a modular category C contains a Tannakian subcategory
Rep(G), then the square of |G| divides FPdim(C). In particular, if C is an
ASF modular category with FP dimension pnm, then the FP dimension of
any Tannakian subcategory of C is a power of p.
Let SuperVec be the category of super vector spaces. We recall a helpful
lemma of Mu¨ger’s regarding braided fusion categories containing SuperVec.
Lemma 2.4. [18, Lemma 5.4] Let C be a braided fusion category such
that SuperVec ⊆ Z2(C) and let g ∈ C be the invertible object generating
SuperVec. Then g ⊗X ≇ X for all X ∈ Irr(C).
3. Group-theoretical properties of integral ASF modular
categories
In this section, we aim to study the group-theoretical property of an
integral ASF modular category, so we may assume all fusion categories
considered are integral.
Throughout this section, C is an integral modular category of FP dimen-
sion pnm, where p is a prime number, m is a square-free natural number
and gcd(p,m) = 1. We may assume that m > 1 since [8, Corollary 6.8]
shows that an integral fusion category of prime power dimension is always
group-theoretical.
Note that an integral modular category C of square-free FP dimen-
sion must be pointed. In fact, [10, Lemma 1.2] shows that the square
of FPdim(X) divides FPdim(C) for every simple object X of C. Since
FPdim(C) is square-free, FPdim(X) must be 1. Hence C is pointed. We
therefore will always assume in the following context that n ≥ 2.
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Let n = 2t+ 1 if n is odd, or n = 2t if n is even. Then [10, Lemma 1.2]
shows that the possible FP dimensions of simple objects of C are 1, p, · · · , pt.
Let a0, a1, · · · , at be the number of non-isomorphic simple objects of C of
FP dimension 1, p, · · · , pt, respectively. Then we get an equation:
a0 + a1p
2 + · · ·+ atp
2t = pnm.(3.1)
Since we have assumed that n ≥ 2, we get that p2 divides a0 = FPdim(Cpt)
by equation (3.1). This observation implies the following result.
Lemma 3.1. The FP dimension of Cpt is divisible by p
2.
Since C is modular, the universal group U(C) is isomorphic to the group
G(C) consisting of the isomorphism classes of invertible simple objects [14,
Theorem 6.2]. Hence |U(C)| = FPdim(Cpt) is divisible by p
2.
Lemma 3.2. Suppose that C is not pointed. Then FPdim(Cpt) is not di-
visible by pn−1.
Proof. Suppose first that FPdim(Cpt) = p
nm′ for somem′ ∈ N. By equation
(2.1), we have
|U(C)|FPdim(Cad) = FPdim(Cpt) FPdim(Cad) = FPdim(C).
This implies that FPdim(Cad) = m
′′ > 1 is square-free and is not divisible
by p, where m′m′′ = m.
Since Cad is braided, the FP dimension of every simple object of Cad
divides FPdim(Cad) [12, Theorem 2.11]. Hence Cad does not contain simple
objects of FP dimension pi, for any 1 6 i 6 t. That is, Cad is pointed.
The subcategory Cpt is the unique largest pointed fusion subcategory of
C. Hence Cad is a fusion subcategory of Cpt. It follows that FPdim(Cad)
divides FPdim(Cpt) [11, Proposition 8.15]. This is a contradiction since
1 6= FPdim(Cad) is relatively prime to FPdim(Cpt).
Suppose then that FPdim(Cpt) = p
n−1m′ for somem′ ∈ N with gcd(p,m′) =
1. In this case FPdim(Cg) = pm
′′ for every component Cg of the universal
grading of C, for some m′′ ∈ N. Let a0g, a
1
g, · · · , a
t
g be the number of non-
isomorphic simple objects of Cg of dimension 1, p, · · · , p
t. Then we have an
equation:
a0g + a
1
gp
2 + · · ·+ atgp
2t = pm′′.(3.2)
This equation implies that a0g 6= 0 and p divides a
0
g. This further means
that every component Cg contains at least p non-isomorphic invertible sim-
ple objects. There are pn−1m′ components in the universal grading, since
|U(C)| = FPdim(Cpt). Therefore, there are at least p
nm′ non-isomorphic
invertible simple objects in C. This contradicts the fact FPdim(Cpt) =
pn−1m′. 
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Corollary 3.3. If n 6 3 then C is pointed.
Proof. If n = 0 or 1 then FPdim(C) is square-free. This case has been
stated at the beginning of this section.
When n = 2 or 3. Suppose that C is not pointed. By Lemma 3.1,
FPdim(Cpt) is divisible by p
2. But Lemma 3.2 shows that it is impossible.
Hence C is pointed. 
In view of Corollary 3.3, we assume that n > 4 in the following context.
Lemma 3.4. The largest pointed fusion category (Cad)pt of Cad is a sym-
metric subcategory with FP dimension pj for some 2 6 j 6 n − 2. In
particular, C has a non-trivial pointed Tannakian subcategory of dimension
p.
Proof. By Lemma 3.1 and Lemma 3.2, we may write FPdim(Cpt) = p
im′
for some 2 ≤ i ≤ n− 2 and gcd(p,m′) = 1. So we can write FPdim(Cad) =
pn−im′′, where m′m′′ = m.
Let D = (Cad)pt. Then D is a fusion subcategory of Cad, as well as of
Cpt. Hence, dimension of D divides both FPdim(Cpt) and FPdim(Cad). This
implies that FPdim(D) is a power of p. Let a0e, a
1
e, · · · , a
t
e be the number of
non-isomorphic simple objects of Ce = Cad of dimension 1, p, · · · , p
t. Then
we have an equation:
a0e + a
1
ep
2 + · · ·+ atep
2t = pn−im′′.(3.3)
The fact n − i ≥ 2 and the equation above imply that FPdim(D) = a0e is
divisible by p2. So we may write FPdim(D) = pj for some 2 ≤ j ≤ n− 2.
From D ⊆ Cad we have (Cad)
′ ⊆ D′. On the other hand (Cad)
′ = Cpt ⊇ D
by [14, Corollary 6.8]. Hence, D ⊆ D′, and hence D is a symmetric fusion
subcategory of C.
If p > 2 then FPdim(D) is odd. In this case D ∼= Rep(G) is a Tannakian
subcategory of C. If p = 2 then there exists a group G of order 2j and a
central element u ∈ G of order 2 such that D ∼= Rep(G,u) as symmetric
fusion categories. It follows that Rep(G/〈u〉) is a Tannakian subcategory
of C with FPdim(Rep(G/〈u〉)) = 2j−1. In both cases, G is abelian (since D
is pointed), hence we get that D, and hence C has a Tannakian subcategory
of FP dimension p. 
Theorem 3.5. The modular category C is either group-theoretical or con-
tains a Tannakian subcategory of FP dimension pi, for some i ≥ 2.
Proof. We keep all notations from Lemma 3.4 and let D = (Cad)pt. If
p is odd then FPdim(D) = pj is also odd, and hence D is a Tannakian
subcategory by Lemma 2.2. So we are done. In the rest of our proof, we
assume that p = 2.
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Suppose that FPdim(D) > 23. Then Rep(G/〈u〉) is a Tannakian subcat-
egory of C with FPdim(Rep(G/〈u〉)) > 22, also by Lemma 2.2 .
Suppose that FPdim(D) = 22. Let a1e, · · · , a
t
e be the number of non-
isomorphic simple objects of Cad of dimension 2, 2
2, · · · , 2t. Then we have
4 +
t∑
k=1
ake2
2k = 2n−im′′.(3.4)
So we get
a1e = 2
n−i−2m′′ − 1− 2
t∑
k=2
ake2
2k−3.(3.5)
If i < n − 2 then a1e is odd. In this case, |G(Cad)| = FPdim(D) = 4 and
| Irr2(Cad)| = a
1
e is odd. By Lemma 2.1, there exists X ∈ Irr2(Cad) such
that G[X] = G(Cad). In other words, h⊗X ∼= X for all h ∈ G(Cad).
If D is not Tannakian then it contains the category E of super vector
spaces. Let 1 6= g ∈ E be the unique invertible object which generates E
as a symmetric category. Then g ⊗X ≇ X for every simple object of Cad
by [18, Lemma 5.4]. This contradicts the result obtained above. So in this
case D must be Tannakian.
Now we consider the case i = n−2 and assume that D is not Tannakian.
The argument in this case is pointed out to the author by Sonia Natale. In
this case, FPdim(D) = 4 and FPdim(Cad) = 4m
′′. By Lemma 3.4, D has
a Tannakian subcategory equivalent to Rep(Z2). This Tannakian subcate-
gory is also contained in Cad. So we have the de-equivariantization (Cad)Z2
of Cad by Rep(Z2). Since (Cad)
′ ⊇ D ⊇ Rep(Z2), Rep(Z2) is contained in the
Mu¨ger center of Cad. Hence the de-equivariantization (Cad)Z2 is braided by
[18, Lemma 3.10]. The canonical functor F : Cad → (Cad)Z2 is a dominant
braided tensor functor such that F (D) ∼= DZ2 by [9, Proposition 4.22].
Consider the de-equivariantization DZ2 . Since D is not Tannakian by
our assumption, we have that DZ2
∼= SuperVec as braided fusion categories
[24, Remark 9.1]. Applying the functor F to Z2(Cad) ⊇ D, we have
SuperVec ∼= DZ2 ⊆ Z2((Cad)Z2).(3.6)
By [23, Lemma 7.2], the FP dimensions of simple objects of (Cad)Z2 are
powers of 2. On the other hand, (Cad)Z2 is braided and hence the FP
dimension of every simple object of it divides FPdim((Cad)Z2) = 2m
′′. It
follows that the category (Cad)Z2 only has simple objects with FP dimension
1 or 2. If (Cad)Z2 has a simple object X of FP dimension 2 then equation
(3.6) implies that g ⊗X ∼= X, where g is the generator of SuperVec. This
contradicts Lemma 2.4. Therefore, (Cad)Z2 is pointed.
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We now consider the functor F˜ : C → CZ2 . Again by [9, Proposition
4.22], we have
(CZ2)ad ⊆ F˜ (Cad) = (Cad)Z2 .(3.7)
Hence (CZ2)ad is also pointed. It follows that CZ2 is nilpotent, and hence
FPdim(X)2 divides FPdim((CZ2)ad) for all X ∈ Irr(CZ2), by [14, Corol-
lary 5.3]. Since FPdim(Cad)Z2 = 2m
′′ is square-free, equation (3.7) shows
that FPdim((CZ2)ad) is also square-free. Hence FPdim(X) = 1 for all
X ∈ Irr(CZ2). That is, CZ2 is pointed, hence C is group-theoretical by
[20, Theorem 7.2]. This completes the proof. 
Corollary 3.6. If n ≤ 5 then C is group-theoretical.
Proof. By Corollary 3.3 and Theorem 3.5, it suffices to consider the case
that n = 4 or 5, and C has a Tannakian subcategory Rep(G) of FP dimen-
sion p2.
Let CG be the de-equivariantization of C by Rep(G). Let CG = ⊕g∈G(CG)g
be the corresponding grading of CG. This grading is faithful and (CG)e is
a modular category (see Section 2.6). If n = 4 then FPdim((CG)e) = m; if
n = 5 then FPdim((CG)e) = pm. In both cases, (CG)e is a pointed modular
category by Corollary 3.3. Hence CG is a nilpotent fusion category. By [14,
Corollary 5.3], FPdim(X)2 divides FPdim((CG)e) for every simple object X
of CG. Since in both cases FPdim((CG)e) is square-free, FPdim(X) = 1 for
all simple object X of CG. This shows that CG is a pointed fusion category.
Therefore, the modular category C, being an equivariantization of a pointed
fusion category, is group-theoretical by [20, Theorem 7.2]. 
4. General properties of integral ASF modular categories
Let D be a braided fusion category. A Tannakian subcategory E ⊂ D is
maximal if it is not contained in any other Tannakian subcategory of D. In
this section, we still assume that C is an ASF modular category with FP
dimension pnm as in Section 3.
Theorem 4.1. Let E ∼= Rep(G) be a proper maximal Tannakian sub-
category of C, and let E ′ be its Mu¨ger centralizer in C. Then the de-
equivariantization (E ′)G of E
′ by Rep(G) is pointed. In particular, E ′ is
group-theoretical.
The existence of E is guaranteed by Lemma 3.4 and the modularity of C.
Proof. Let D = (E ′)G. The Tannakian subcategory E is the Mu¨ger center
of E ′. By [12, Remark 2.3], the de-equivariantization D is non-degenerate.
Also, the FP dimension of E is a power of p by Lemma 2.3. So D is an
integral ASF modular category. Hence, if D is not pointed then Dpt ∩
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(Dpt)
′ = Dpt ∩Dad = (Dad)pt has FP dimension p
j for some 2 ≤ j ≤ n− 2,
by Lemma 3.4.
On the other hand, the fusion category D is called the core of C in
[9, Section 5.4]. It is a weakly anisotropic braided fusion category by [9,
Corollary 5.19]. Recall that a braided fusion category is called weakly
anisotropic if it has no nontrivial Tannakian subcategories which are stable
under all braided autoequivalences of the fusion category. By [9, Corollary
5.29], Dpt ∩ (Dpt)
′ is either trivial, or equivalent to the category SuperVec
of super vector spaces. Therefore, D must be pointed, otherwise we will
get a contradiction.
The last statement follows from [20, Theorem 7.2] which says that a
braided fusion category is group-theoretical if and only if it is an equivari-
antization of a pointed fusion category. 
Now we are ready to describe the structure of an integral ASF modular
category by equivariantizations.
Corollary 4.2. The modular category C is an equivariantization of a nilpo-
tent fusion category of nilpotency class 2.
Proof. Let E ∼= Rep(G) be a proper maximal Tannakian subcategory of
C. Then we can form the de-equivariantization of CG of C by E . It is
known that CG has a faithful G-grading and the trivial component (CG)e is
non-degenerate. By [9, Proposition 4.56], (CG)e = (E
′)G. Hence, (CG)e is
pointed by Theorem 4.1, and hence C is an equivariantization of a nilpotent
fusion category of nilpotency class 2. 
Restricting to the case where m = q is a prime number allows us to
obtain one of the main results of this paper.
Theorem 4.3. Let C be an integral modular category of FP dimension pnq,
where q < p are prime numbers. Then C is group-theoretical.
Proof. It suffices to prove that FPdim(Cpt) can not be a power of p. Indeed,
if FPdim(Cpt) is not a power of p then FPdim(Cpt) = p
iq for some 2 ≤
i ≤ n − 2 by Lemma 3.1 and Lemma 3.2. By equalities (2.3) and (2.4),
FPdim(Cad) = FPdim((Cpt)
′) = pn−i. This means that Cad is nilpotent [11,
Theorem 8.28], and so is C. Hence C is a group-theoretical fusion category
by [8, Corollary 6.2].
Suppose on the contrary that FPdim(Cpt) = p
i for some 2 ≤ i ≤ n − 2.
Let E = Rep(G) be a proper maximal Tannakian subcategory of C. By
Lemma 2.3, FPdim(E) = pj for some j ≤ i ≤ n− 2. The Mu¨ger centralizer
E ′ of E in C is group-theoretical by Theorem 4.1. Under our assumption
q < p, this fact implies that E ′ is nilpotent by [6, Proposition 4.11]. The
main result of [8] says that a braided nilpotent fusion category has a unique
decomposition as a tensor product of braided fusion categories whose FP
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dimensions are distinct prime powers. Again by equality (2.4), we know
FPdim(E ′) = pn−jq. So we have
E ′ ∼= Aq ⊠Apn−j ,
where At is a fusion category with FP dimension t. By [11, Corollary 8.30],
Aq is a pointed fusion category, hence E
′ and also C contain a pointed
fusion subcategory of FP dimension q. This contradicts our assumption
that FPdim(Cpt) is a power of p. 
5. Low-dimensional integral modular categories
Let C be a fusion category, and let 1 = a0 < a1 < · · · < am be the
distinct FP dimensions of simple objects of C. If ni is the number of non-
isomorphic simple objects of FP dimension ai then we say C has category
type (1, n0; a1, n1; · · · ; am, nm). We summarize some results in the litera-
ture to establish a criterion for an array (1, n0; a1, n1; · · · ; am, nm) to be a
category type of an odd-dimensional integral modular category.
Lemma 5.1. Let (1, n0; a1, n1; · · · ; am, nm) be a category type of an integral
modular category. Suppose that C has odd FP dimension. Then
(1) ai is odd and ni is even, for all 1 6 i 6 m;
(2) n0 divides FPdim(C) and nia
2
i , for all 1 6 i 6 m;
(3) a2i divides FPdim(C), for all 1 6 i 6 m;
(4) n0a
2
m 6 FPdim(C).
Proof. (1) If there exists i such that ai is even, then FPdim(C) is also even
by [4, Lemma 5.3]. This is a contradiction. If there exists i such that ni
is odd then there must exist X ∈ Irrai(C) such that X
∼= X∗. In this case
FPdim(C) is even by [4, Lemma 5.2]. This is also a contradiction.
(2) It follows from [5, Lemma 2.2].
(3) It follows from [10, Lemma 1.2].
(4) Counting the FP dimension of every component of the universal
grading of C, we get n0a
2
m 6 FPdim(C) (Note that n0 = |U(C)|). 
Let C be a fusion category and let G be a group acting on C by tensor
autoequivalences. Recall from Section 2.3 that we have the fusion category
CG of G-equivalent objects of C. Let F : CG → C be the forgetful functor.
It is a surjective tensor functor. That is, for any object Y of C there is an
object X in CG such that Y is a subobject of F (X). The Lemma 5.2 below
is [24, Lemma 7.2].
Lemma 5.2. Let CG be the equivariantization of C under the action of G.
Let X be a simple object of CG. If FPdim(X) is relatively prime to the
order of G then F (X) is a simple object of C.
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Theorem 5.3. Let C be a modular category such that FPdim(C) is odd and
FPdim(C) < 1125. Then C is group-theoretical.
Proof. First, the assumption that FPdim(C) is odd implies that C is inte-
gral [14, Corollary 3.11]. Second, the assumption that FPdim(C) < 1125
implies that C is an integral ASF modular category except the case when
FPdim(C) = 675. Suppose that C is an integral ASF modular category
and the FP dimension pnm is odd and less than 1125, where p is a prime
number, m is a square-free natural number and gcd(p,m) = 1. If m = 1
then FPdim(C) = pn. In this case, C is group-theoretical by [8, Corollary
6.8]. If m 6= 1 then n ≤ 5. In this case, C is group-theoretical by Corollary
3.3 and Corollary 3.6. Therefore, in the rest of the proof, we only need to
consider the case when FPdim(C) = 675.
By Lemma 5.1, the modular category C has the following possible types:
(1, 45; 3, 70), (1, 27; 3, 72), (1, 9; 3, 74),
(1, 3; 3, 8; 5, 6; 15, 2), (1, 675).
Suppose that C has category type (1, 45; 3, 70). Then the universal grad-
ing has 45 components and every component has FP dimension 15. Hence,
any component contains at most 1 simple object of FP dimension 3, and so
there should be at least 270 non-isomorphic invertible simple objects. This
is impossible since FPdim(Cpt) = 45. The same argument shows that C can
not have category types (1, 27; 3, 72) and (1, 9; 3, 74).
Suppose that C is of type (1, 3; 3, 8; 5, 6; 15, 2). It follows that every com-
ponent Cg has FP dimension 225 for all g ∈ U(C), and the only possible
category type of the trivial component Cad is (1, 3; 3, 8; 5, 6). By [4, Theorem
4.2], Cad has a non-trivial Tannakian subcategory D = Rep(G). Counting
the dimension of simple objects of Cad, we know that Cad can not have
fusion subcategory of FP dimension 15 and 45. Also, FPdim(D) 6= 75 by
Lemma 2.3. So the only possibility of FPdim(D) is 3.
If FPdim(D) = 3 then D = Cpt. By [14, Corollary 6.8], (Cad)
′ = D. On
the other hand, D is a fusion subcategory of Cad. Hence, D is the Mu¨ger
center of Cad. By [12, Remark 2.3], the de-equivariantization (Cad)G of Cad
by G is a modular category. Since (Cad)G has FP dimension 75, Corol-
lary 3.3 shows that (Cad)G is pointed. But Lemma 5.2 shows that (Cad)G
must contain simple objects of FP dimension 5. This is a contradiction.
Therefore, C must be pointed and we are done. 
Remark 5.4. (1) There exists non-group-theoretical integral modular cat-
egories whose FP dimension are even. Examples are given in [2]. In that
paper, the authors studied non-group-theoretical Z3-graded 36-dimensional
modular categories and classified them, up to equivalence of fusion cate-
gories.
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(2) Natale studied low-dimensional modular categories in [22]. She
proved that if the FP dimension of a modular category is odd and less than
33075 then this modular category is solvable.
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